Most natural and engineered processes, such as biomolecular reactions, protein folding, and population dynamics, occur far from equilibrium and therefore cannot be treated within the framework of classical equilibrium thermodynamics. Here we experimentally study how some fundamental thermodynamic quantities and relations are affected by the presence of the nonequilibrium fluctuations associated with an active bath. We show in particular that, as the confinement of the particle increases, the stationary probability distribution of a Brownian particle confined within a harmonic potential becomes non-Boltzmann, featuring a transition from a Gaussian distribution to a heavy-tailed distribution. Because of this, nonequilibrium relations (e.g., the Jarzynski equality and Crooks fluctuation theorem) cannot be applied. We show that these relations can be restored by using the effective potential associated with the stationary probability distribution. We corroborate our experimental findings with theoretical arguments.
I. INTRODUCTION
Already at the beginning of the 20th century, classical thermodynamics provided a comprehensive understanding of the equilibrium behavior of macroscopic systems in contact with thermal reservoirs and deterministic relations between their thermodynamic quantities [1] . Instead, it has only been during the past few decades that the thermodynamics of nonequilibrium systems and active matter has become the subject of intense research [2] [3] [4] . This interest is motivated by the need to explore the physics of microscopic systems, where thermal fluctuations play a crucial role and introduce stochasticity [5, 6] , and of living matter, which is intrinsically far from equilibrium [7, 8] . On the one hand, for microscopic systems thermal fluctuations become essential because of the limited number of degrees of freedom and can generate outcomes that are forbidden in macroscopic systems. For example, the presence of thermal fluctuations allows the violation of the second law for single realizations of a process, even though the second law still holds on average [5, 6, 9, 10] . A major advance in stochastic thermodynamics has been the realization that, instead of just averaging the fluctuations out, it is possible to make use of the information they contain in order to recover equilibrium information even from nonequilibrium measurements using, e.g., the Jarzynski equality and the Crooks fluctuation theorem [2, 3, 11, 12, [12] [13] [14] . These relations have recently been tested and verified experimentally for various systems that are coupled to thermal baths [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . On the other hand, many systems, such as living matter, are intrinsically far from equilibrium. For example, biomolecules within the cell are coupled with an active bath due to the presence of molecular motors within the cytoplasm, which leads to striking and largely not yet understood phenomena such as the emergence of anomalous diffusion [7] . Also, protein folding might be facilitated by the presence of active fluctuations [25] and active matter dynamics could play a central role in several biological functions [26] [27] [28] . Until now, the experimental study of all these systems has been limited [8] .
Here we present a series of experiments with an optically trapped Brownian particle coupled to an active bath. First, we show that in an active bath the statistical properties of a particle held in a potential do not generally follow the Boltzmann statistics because of the correlated noise introduced by the active bath: As the characteristic scale of the optical trap becomes comparable to the correlation length introduced by the active noise, we observe a transition between a regime that can be described with Boltzmann statistics (albeit at a higher effective temperature) to a regime that follows non-Boltzmann statistics. Then we also show that a major consequence of this fact is that nonequilibrium relations, such as the Crooks fluctuation theorem [14] , the Jarzynski equality [11] , and the integral fluctuation theorem [12] , cannot be applied in active baths according to their classical formulation; We show nevertheless that they can be recovered by introducing an effective potential. We remark that, although breakdown of equilibrium conditions in active systems is not unexpected, the experimental observation of such violations is of great practical interest, because their quantitative and qualitative investigation is crucial to develop better models for active, farfrom-equilibrium, and living systems [8, 29, 30] . Our findings pose some significant limitations to the possibility of applying nonequilibrium fluctuation relations to active matter systems, including living matter, and point to the need for alternative approaches that explicitly model the presence of nonthermal fluctuations, such as the use of effective potentials that play the same role as thermodynamic potentials in passive baths.
Langevin equation
where x is the particle position, γ is the particle friction coefficient, V (x) is the potential, η p represents the (white) thermal noise characterized by η p (t + τ )η p (t) = 2D p δ(τ ), and D p is the translational diffusion coefficient, which importantly is related to γ by the fluctuation-dissipation relation
The corresponding position (equilibrium) distribution follows a Boltzmann distribution
where
dx is the partition function. Experimentally we employ a spherical Brownian microparticle (polystyrene, diameter 2R = 4.06 ± 0.20 μm) in a watery solution trapped by an optical trap generated by focusing a laser beam (wavelength λ = 976 nm) with a highnumerical-aperture objective [oil immersion, 100×, numerical aperture (NA) equal to 1.30] [31] . The optical potential is harmonic:
with stiffness k, which is proportional to the laser intensity and can therefore be adjusted by using some neutral density filters along the laser beam path. The expected Boltzmann position distribution (2) is Gaussian:
is the normalization prefactor. The particle position is monitored by digital video microscopy (using the radial symmetry algorithm [32] ) with a spatial resolution of 5 nm. The results are plotted by the blue symbols in Figs -1000 -500 0 500 1000 The inset shows a sample frame from the acquired video in the active bath; the bright spot corresponds to the particle, while the elongated lighter objects are the bacteria. (b) The MSD of the particle in the active bath along one axis (red symbols) features a transition from a superdiffusive regime at short time scales to enhanced diffusion at long time scales, differently from the MSD of the particle in the thermal bath (blue symbols).
γ /k [31] ; we obtain τ ot = 190, 22, and 4 ms for the data reported in Figs. 1(a), 1(b), and 1(c), respectively.
We now consider a Brownian particle in an active bath. We realize the active bath by adding motile bacteria to the watery solution where the particle is immersed [33, 34] [inset in Fig. 2 (a)]: The bacteria behave as active particles and exert nonthermal forces on our probe particle so that it experiences nonthermal fluctuations and features a qualitatively different behavior from that of a Brownian particle in a thermal bath. We do not observe any accumulation of bacteria around the focal spot due to optical forces; this can be understood because the optical forces acting on the bacteria (which have a small polarizability due to their small size and low refractive index mismatch) are much weaker than self-propulsion forces. The Langevin equation that describes this system is
where η a represents the fluctuations due to the presence of the active bath. This is an additional source of noise that must be added to Eq. (1) in order to describe the dynamics of the particle; unlike thermal fluctuations, these fluctuations are exponentially correlated over time so that
where τ a is the persistence time of the bacterial forces acting on the particle associated with a persistence length L a , i.e., a characteristic distance along which the bacteria drag (on average) the particle [33] [34] [35] [36] . It is important to remark that, even though the correlation is the same as in an Ornstein-Uhlenbeck process, the noise η a appearing in Eq. (5) is not Gaussian and cannot be modeled with OrnsteinUhlenbeck noise [8] because it arises as a consequence of the swimming bacteria in the active bath, which self-propel with constant forces that randomly change direction [37] . Importantly, unlike the outcome in the case of Ornstein-Uhlenbeck noise [38] , particles that are subject to such an active noise exhibit non-Gaussian distributions under harmonic confinement, as demonstrated numerically in Ref. [39] . A characteristic trajectory of a Brownian particle in an active bath [V (x) ≡ 0] is shown by the red line in Fig. 2(a) . The mean square displacement (MSD) of this particle is shown by the symbols in Fig. 2(b) . This MSD features a transition from a superdiffusive regime at short time scales to enhanced diffusion at long time scales. Fitting this MSD to its theoretical formula [40] , i.e.,
permits us to obtain the values of τ a = 140 ms and L a = 296 nm. Importantly, the presence of the active noise introduces a memory in the fluctuation forces that is not matched by a corresponding memory in the friction term; this is a signature that the fluctuations of the probe particle are out of equilibrium. We will now add the optical trap. In a weak trap (k = 0.42 fN nm −1 and τ ot = 190 ms), the particle position distribution remains Gaussian, as shown by the experimental data (red symbols) in Fig. 1(d) . Since the persistence length associated with the active bath [L a , red bar in Fig. 1(d) ] is much shorter than the characteristic dimension of the trap, the motion of the particle can be described as a standard Brownian motion in a harmonic potential, but at a higher effective temperature T eff = 2300 K, in agreement with previous works [40] . Thus, these data can be fitted to a Gaussian distribution (dashed red line), albeit with a variance larger than in the case of the thermal bath [ Fig. 1(a) ], despite the trap stiffness being the same:
is the normalization prefactor.
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However, as the trap stiffness increases, L a becomes comparable to the characteristic dimension of the trap and the experimental position probability distribution [red symbols in Figs. 1(e) and 1(f)] become non-Gaussian, as can be seen by comparing these data with the best Gaussian fits (red dashed lines). This becomes particularly evident when considering the tails of the distribution, which are clearly heavier than expected from the Gaussian distributions. Importantly, these distributions are non-Boltzmann, which implies that the case of a particle in an active bath is qualitatively different from the case of a particle in a thermal bath. In fact, it is not possible to recover this probability distribution by altering the effective temperature of the system, as the position probability distribution associated with a Brownian particle in a harmonic potential is Gaussian at all temperatures. The alteration of the distribution is in fact due to the correlations introduced in the motion of the particle by the active bath, which lead to a non-Gaussian noise. Even though some works have demonstrated the possibility of having a Boltzmann distribution at long length scales [40] and others have implicitly indicated the breakdown of Boltzmann statistics at short length scales [34, 35, 41] , here we explicitly report a transition from a Boltzmann regime where it is possible to adopt a description based on effective temperatures to a non-Boltzmann regime where the system's deviation from a Boltzmann description is quantified.
The experimental probability distributions can be fitted using q-Gaussian distributions [42, 43] , which are generalizations of the Gaussian distribution that depend on a parameter q:
where Z q is a normalization prefactor and exp q (y)
. Importantly, q-Gaussian distributions are characterized by heavy tails for 1 < q < 3 and converge to the Gaussian distribution for q → 1. The use of a q-Gaussian distribution permits us to quantify the deviation from a Gaussian distribution by using the fitting parameter q: The greater the deviation of q from 1, the heavier the tail of the distribution. While the position probability distribution of the optically trapped particle in the thermal bath is well fitted by a Gaussian distribution at all stiffnesses [q = 0.997, 1.000, and 1.001 for Figs. 1(a), 1(b) , and 1(c)], those in the active bath become more and more heavy tailed as the trap stiffness increases, i.e., q = 1.013, 1.023, and 1.142 for Figs. 1(d), 1(e) , and 1(f), respectively.
We underline that this transition from a situation that can be described with Boltzmann statistics, albeit at a higher effective temperature, and a situation that cannot be described by Boltzmann statistics associated with the ratio between the characteristic scales of the trapping potential and the correlated active noise underlies several results connected with broken symmetries in active matter [34, 35, 41, [44] [45] [46] [47] .
III. NONEQUILIBRIUM RELATIONS AND FLUCTUATION THEOREMS IN ACTIVE BATHS
Building on the results obtained in the previous section, we will now show that nonequilibrium relations cannot be applied in active baths according to their classical formulation. Furthermore, we will show that they can be recovered by introducing an effective potential. We will in focus particular on the Crooks fluctuation theorem [14] , the Jarzynski equality [11] , and the integral fluctuation theorem [12] .
Let us consider a system driven from an initial to a final state such that the equilibrium free-energy difference between the two states is F and the applied work is W . The Crooks fluctuation theorem [14] relates the probabilities of applying opposite works under forward and backward (time-reversed) protocols when a system is driven arbitrarily out of equilibrium [14] :
where β = (k B T ) −1 , P F (+βW ) is the probability of applying +W work in a forward protocol, and P R (−βW ) is the probability of applying −W work in the reversed protocol. An important precondition for the Crooks fluctuation theorem to be valid is that the system should initially be in a thermal equilibrium state and therefore have a Boltzmann distribution; since this initial condition is violated in an active bath [see Figs. 1(e) and 1(f)], we do not expect this relation to be verified in an active bath. The Jarzynski equality [11] allows one to obtain the free-energy difference from an exponential average of the work associated with irreversible realizations of a thermodynamic process:
where W i is the ith realization of the same protocol and angular brackets indicate an average over many realizations. Importantly, the initial (Boltzmann) equilibrium condition is needed also for the Jarzynski equality. Finally, a generalization of these results is the integral fluctuation theorem [12] exp βQ − ln
where Q is the heat exchanged by the driven system with the surrounding environment and p(x 0 ) andp(x 0 ) are the initial and final probability distributions calculated at initial and final external parameters, respectively. Experimentally, we consider a Brownian microparticle (silica, diameter 2R = 4.23 ± 0.20 μm) held by a harmonic trap generated by focusing a laser beam (wavelength λ = 532 nm, power 2.1 mW) with a high-numerical-aperture objective (oil immersion, 100×, NA equal to 1.30) [31] . The optical trap position can be translated using a spatial light modulator. The particle position is monitored by digital video microscopy with a spatial resolution of 5 nm and a sampling frequency of 50 frames per second. The resulting trapping potential is
where x is the position of the particle, t is time, k = 1.33 ± 0.05 fN nm −1 is the trap stiffness, and λ(t) denotes the center of the harmonic potential, which acts as our external control parameter. In our protocol, λ(t) is a square-wave function with amplitude A and period 2τ . First, the potential is centered at position 0 [dashed red line in Fig. 3(a) ] for a time interval τ . Then it is shifted to position A = 90 nm [solid red line in (14)]. The data are obtained from 5000 work measurements; the error bars are obtained by repeating the measurements three times. Fig. 3(a) ], where it remains for an additional time interval τ . Finally, the potential is brought back to position 0 and the protocol is iterated. The free energy of the optically trapped particle is
which depends only on k and, importantly, not on the trap center position. Thus, since in our protocol the stiffness is kept constant, the free-energy difference between the initial and the final state is zero, i.e., F = 0. Furthermore, because of symmetry, the forward and backward protocols are identical, i.e., P F (y) = P R (y). Therefore, for our experimental realization, the Crooks fluctuation theorem (9) and Jarzynski equality (10) simplify to
and
We repeated 5000 times the experimental protocol described above and recorded the particle trajectory. Let t i be the time when the ith potential switch occurs and the work W i applied on a particle during a sudden change of the external potential is equal to the instantaneous change in potential energy [dashed The driving protocol is the same as in Fig. 3(a) , but effective potentials obtained from the particle's stationary position distribution (black lines) are employed instead of the optical potentials (red lines). The difference between the effective and the optical potentials is particularly evident in the tails. (b) Applied work as a function of the position of the particle before the potential translation. (c) Experimental probability distribution of work when the protocol shown in (a) is employed on a Brownian particle (silica, diameter 2R = 4.23 ± 0.20 μm) held in an optical trap (k = 1.33 fN nm −1 ) in an active (bacterial) bath, calculated with the effective potential approach [Eq. (19) ]. The solid line is the same Gaussian fit as in Fig. 3(c). (d) The black symbols show the ratio of the inverse work probabilities on the particle in active bath: The use of effective potentials recovers the Crooks fluctuation theorem [solid line, Eq. (14)]. The data are obtained from 5000 work measurements; the error bars are obtained by repeating the measurements three times.
black line in Fig. 3(a)] ; therefore,
where V ot (x,t + i ) and V ot (x,t − i ) are the potentials after and before the shift of the center, respectively. This quantity is shown in Fig. 3(b) as a function of the position of the particle at the switching time.
Initially, we performed our experiments in a thermal bath. Using the experimental work distributions obtained by Eq. (16), we verified that the Crooks fluctuation theorem (14) and Jarzynski equality (15) are satisfied in a thermal bath. In order to verify the integral fluctuation theorem (11), we need to evaluate the heat Q. According to the standard definition of heat in stochastic thermodynamics [48] , the infinitesimal amount of heat exchanged along a stochastic trajectory reads dQ = ∂ x V dx. Thus, we measure the heat exchanged between the particle and the thermal bath during the interval [t i − δ,t i + δ], which reads
where δ = 20 ms is significantly smaller than particle's relaxation time in the trap γ /k (60 ms) and thus the heat values are before relaxation.
We then proceeded to test the nonequilibrium relations as given in Eqs. (14), (15) , and (11) in an active bath employing the same protocol. We realize the active bath by using a bacterial bath, as in the experiments presented in the previous section.
In our first attempt, we use the optical potential V ot and introduce an effective temperature to account for the additional fluctuations introduced by the active bath. Doing so, we obtain an effective temperature T eff = 810 K and consequently an effective energy scale β eff = (k B T eff ) −1 , which we employ in Eq. (14) . Importantly, the formulas to calculate the work applied on a particle [Eq. (16) ] and heat exchange [Eq. (17) ] are the same as in the case of the thermal bath described above. The resulting work distribution is represented by the symbols in Fig. 3(c) . This distribution is not Gaussian, differently from the work distribution in the case of a thermal bath. In order to validate the Crooks fluctuation theorem (14), we estimate P (+W )/P (−W ), shown by the symbols in Fig. 3(d) . We observe a clear deviation (particularly towards the tails) from the expected value [solid line in Fig. 3(d) ], which shows that the Crooks fluctuation theorem is violated. We therefore conclude that the introduction of an effective temperature is not sufficient to employ nonequilibrium relations in an active bath. We remark that, even though the breakdown of the Crooks fluctuation theorem reported in Fig. 3(d) can be theoretically predicted from the fact that the particle does not start from an equilibrium ensemble, one of the central results of the current work is to show experimentally that this breakdown occurs for accessible parameters and can be quantified.
Therefore, in order to introduce a version of nonequilibrium relations working in active baths, we proceed to introduce an effective potential measured from the stationary particle distribution
where p s (x,λ) denotes the particle's stationary probability distribution under constant control parameter λ. An analogous approach was originally proposed by Hatano and Sasa for systems in nonequilibrium steady states in passive baths [49] : the authors introduced an effective potential to quantify the irreversibility of a process. The corresponding fluctuation theorem was experimentally verified for the case of a dragged Brownian particle, cycling between different steady states [50] . We experimentally measured V eff [ Fig. 4(a) ] by fitting the stationary distribution to a q-Gaussian function (q = 1.116). In this approach, Eq. (16) for the work applied on the particle when the potential is switched must be changed to
The amount of work we apply during a switch as a function of the position of the particle at switching time is shown in Fig. 4(b) and the resulting work distribution is shown in Fig. 4(c) ; note the difference of the applied work using the effective potential [ Fig. 4(b) ] when compared with that using the optical potential [ Fig. 3(b) ], particularly in the tails of the distributions. Following from this work distribution we calculated P (+W )/P (−W ), which is shown by the symbols in Fig. 4(d) . The effective potential approach enables us to recover the Crooks fluctuation theorem in an active bath, as can be seen from the fact the measured values [symbols in Fig. 4(d) ] are in good agreement with the theoretical prediction [line in Fig. 4(d) ].
To further corroborate the usefulness of the effective potential approach, we have also tested the Jarzynski equality (15) and the integral fluctuation theorem (11) . Figure 5(a) shows that the Jarzynski equality is satisfied for large values of τ (we remind the reader that τ is the time interval between two successive switches of the potential), i.e., when the particle has enough time to reach a stationary state after switching the potential. Figure 5(b) shows that also the integral fluctuation theorem is validated when τ is large enough, as long as the formula for the heat [Eq. (17) ] is calculated taking into account the effective potential, i.e.,
It is important to underline that the recovery of the integral fluctuation theorem (11) is a more general result than the Crooks fluctuation theorem and Jarzynsky equality. Unlike the case of the Jarzynski equality (15) [ Fig. 5(a) ], which only requires the probability conservation for the sudden switch considered here, the fluctuations theorem for the total entropy (11) [ Fig. 5(b) ] is a sound result, which involves the entropy variation in the active bath Q/T , as given by Eq. (20) , and the system entropy variation, as given by
, and thus generalizes the analogous result for the total entropy in passive baths [3] .
IV. CONCLUSION
We have shown that in an active bath, when a system is confined within a potential whose length scale is comparable to or smaller than the characteristic length scale associated with the active noise, non-Boltzmann statistics emerge. The introduction of an effective temperature is not sufficient to provide a framework within which to describe such systems. Such a framework can be instead provided by the use of an effective potential related to the system stationary distribution. This effective potential plays the same role as the mechanical potential; in particular, the stochastic work and heat can be obtained from it and such quantities turn out to satisfy the same fluctuation relations as the corresponding quantities in the passive bath case. We have exemplified these results with a series of experiments using an optically trapped particle in an active (bacterial) bath. Since active matter plays a central role in many systems, including very importantly living systems, our findings pose some significant limitations to the possibility of applying nonequilibrium fluctuation relations in their classical formulation to study this broad and valuable class of systems, pointing to the need for alternative approaches that explicitly model the presence of nonthermal fluctuations. (11) using effective potentials. The heat Q i is calculated from each switch using Eq. (20) . Note that the particle position probability p s (x) is calculated before and after the switch, i.e., at t 
